ABSTRACT. We survey some recent developments in the asymptotic geometry of the Hitchin moduli space, starting with an introduction to the Hitchin moduli space and hyperkähler geometry.
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A TOUR OF THE HITCHIN MODULI SPACE
Given the data of
• C, a compact Riemann surface of genus g ≥ 2 (unless indicated otherwise), and • E → C, a complex vector bundle of rank n we get a Hitchin moduli space M = M(C, U(n)). Note that the real gauge group is G = U(n) and the corresponding complex gauge group is G C = GL(n, C).
In one avatar, the Hitchin moduli space is the moduli space of Higgs bundles up to equivalence. In another avatar, the Hitchin moduli space is the moduli space of GL(n, C)-flat connections up to equivalence. In this section, we define these objects and explain the correspondence between Higgs bundles (a holomorphic object) and flat connections and their associated representations (a representation theoretic object). We survey many of the results appearing in Nigel Hitchin's seminal paper for G C = SL(2, C) [Hit87] .
1.1. Motivation: Narasimhan-Seshadri correspondence. For the sake of motivation, there is an earlier example of a correspondence between holomorphic objects and representations. In 1965, Narasimhan and Seshadri proved the equivalence between stable holomorphic vector bundles on a compact Riemann surface C and irreducible projective unitary representations of the fundamental group [NS65] . In 1983, Donaldson gave a more direct proof of this fact using the differential geometry of connections on holomorphic bundles [Don83] . We specialize to the degree 0 case for simplicity, so that projective unitary representations are simply unitary representations. Theorem 1.1. [Don83] Let E be a indecomposable holomorphic bundle of deg E = 0 and rank n over a Riemann surface C of unit volume. The holomorphic bundle E is stable if, and only if, there is a flat unitary connection on E . Taking the holonomy representation of this connection, we have the following equivalence:
This map from a holomorphic bundle E to a flat connection ∇ features a distinguished hermitian metric h on E . First, note that given any hermitian metric h on a holomorphic bundle E , there is a unique connection D(∂ E , h) called the Chern connection characterized by the property that (1) D 0,1 = ∂ E and (2) D is unitary with the respect to h, i.e. d s 1 , s 2 h = Ds 1 , s 2 h + s 1 , Ds 2 h . The proof of Theorem 1.1 relies on the following fact: given a stable holomorphic bundle E of degree 0, there is a hermitian metric h-known as a HermitianEinstein metric-such that the Chern connection is flat. Consequently, the flat connection associated to E is ∇ = D(∂ E , h), where h is the Hermitian-Einstein metric.
The nonabelian Hodge correspondence, which interpolates between the two avatars of the Hitchin moduli space, also features a distinguished hermitian metric.
1.2. Definition of the Hitchin moduli space. Higgs bundles and the Hitchin moduli space first appeared in Nigel Hitchin's beautiful paper "The self-duality equations on a Riemann surface" [Hit87] . We specialize to the degree 0 case for simplicity. Definition 1.2. Fix a complex vector bundle E → C of degree 0. A Higgs bundle on E → C is a pair (∂ E , ϕ) where
• ∂ E is a holomorphic structure on E (We'll denote the corresponding holomorphic vector bundle by E = (E, ∂ E ).)
satisfying ∂ E ϕ = 0. (Alternatively, the Higgs field is a holomorphic map ϕ : E → E ⊗ K C , where K C = T 1,0 (C) is the canonical bundle). Remark 1.3. If we want G C = SL(n, C) rather than GL(n, C), we must impose the condition tr ϕ = 0, since sl(n, C) consists of traceless matrices. Additionally, we insist that Det E O C , as holomorphic line bundles. Definition 1.4. Fix a Higgs bundle (E , ϕ). A hermitian metric on E, the underlying complex vector bundle, is harmonic if 
When g ≥ 2, the dimension of the U(n)-Hitchin moduli space is dim R M(C, U(n, C)) = 4(n 2 (g − 1) + 1); the dimension of the U(n)-Hitchin moduli space is dim R M(C, U(n)) = 4(n 2 − 1)(g − 1). Exercise 1.7. Verify that the following triple (∂ E , tϕ, h t ) on C solves Hitchin's equations:
where u t = u t (|z|) is the solution of the ODE
with boundary conditions u t (|z|) ∼ − 1 2 log |z| near |z| = 0 and lim |z|→∞ u t (|z|) = 0. It may be useful to note:
• In a gauge where
• Let z = x + iy be a local holomorphic coordinate. Then, ∂∂ν = The nonabelian Hodge correspondence gives an equivalence between Higgs bundles, solutions of Hitchin's equations, and flat connections. Admittedly, our presentation in this paper focuses on the equivalence between Higgs bundles and solutions of Hitchin's equations, while neglecting flat connections. For more on the equivalence between flat connections and solutions of Hitchin's equations, see, for example, [Wen14] . 
In this correspondence (∂ E , ϕ) is stable if, and only if, the associated flat connection is irreducible; this is the smooth locus of M.
In the above correspondence, we typically associate the connection ∇ ζ=1 from (1.5). To get a representation, we use the equivalence
To go from an flat connection to an representation, simply take the monodromy of a connection. In the other direction, to go from a representation to a bundle with flat connection, take the trivial bundle C n → C on the universal cover π : C → C. The bundle with flat connection on C is obtained by quotienting by the following equivalence relation on pairs (x, v) ∈ C × C n : for any γ ∈ π 1 (C),
Here, π * γ is the path in C; it is the lift of γ with initial point x ∈ C; π * γ · x is the terminal point of the path π * γ.
Exercise 1.13. Describe the Higgs bundles (E , ϕ) in the GL(1, C)-Higgs bundle moduli space over C, a Riemann surface of genus g. Exercise 1.14.
1.4. Hitchin fibration. The Hitchin fibration is a map
where char ϕ (λ) is the characteristic polynomial of ϕ. Fundamentally, the Hitchin fibration Hit maps the Higgs field ϕ to its eigenvalues λ 1 , · · · , λ n (multivalued sections of K C ). With the map Hit, M is a "complex integrable system" Specializing to the case SL(2, C), note that
Note that tr ϕ = 0 and det ϕ ∈ H 0 (C, K 2 C ). Consequently, the Hitchin base B is parametrized by the space of holomorphic quadratic differentials H 0 (C, K 2 C ).
Exercise 1.15. Use the Riemann-Roch formula to verify directly that the complex dimension of B SL(2,C) is 3(g − 1)
.
The Hitchin fibration has a distinguished section, known as the "Hitchin section." For the SL(2, C)-Hitchin moduli space, the Hitchin section is B → M (1.12)
To interpret ϕ, view "1" as the identity map K
C , and view tensoring by q 2 as a map
The hermitian metric respects this direct sum, and the metric component h K
The Hitchin section is related to uniformization.
, we get a hermitian metric
Note that this bundle is related to the tangent bundle TC. From [Hit87, Theorem 11.2],
is a Riemannian metric on C of Gaussian curvature −4. The map between Teichmüller space Teich(C) and
then the Riemannian metric g in (1.13) is in the same conformal class as C. This is the "uniformizing metric" and the corresponding Higgs bundle in (1.14) is called the "uniformizing point."
Exercise 1.16. Consider the Higgs bundle on C a Riemann surface of genus g ≥ 2
where 1 is the identity map K 1/2
(a) Show that the holomorphic bundle E is unstable by exhibiting a destabilizing subbundle, i.e. a holomorphic subbundle L such that
It might be helpful to note that deg
C . Show that the destabilizing bundle from (a) is unique, i.e. it is preserved by all holomorphic automorphisms. (c) Show that the Higgs bundle (E , ϕ) is stable. Where is the condition "g ≥ 2" used?
There is a C × -action on the Higgs bundle moduli space given by
] denotes the equivalence class in M.) Similarly, we get a U(1)-action on the Hitchin moduli space:
The U(1)-action generates a moment map
We specialize to G C = SL(2, C) for the rest of §1. As shown in Figure 1 .2, the maximal value of µ in each torus fiber is achieved on the Hitchin section [DT16] . There are subspaces of U(1)-fixed points. The associated values of µ are 0, and d − 1 2 for d = 4 Suppose (X, ω) is a symplectic manifold with G-action. Then for any Z ∈ g = Lie G, we get an associated vector field X Z on X. A function µ : X → g * is a moment map for the G-action if µ is G-equivalent, and for all Z ∈ g, then ι X Z ω = dµ Z .
(1.18) In the case where G = U(1), g = iR, so (ignoring i) we can view µ : X → R as an ordinary function. 
C and there is a single U(1)-fixed point in µ −1 (d − 1 2 ). This is the uniformization point in (1.14). 1.6. SL(2, R)-Higgs bundles. Recall, the nonabelian Hodge correspondence gives us the following equivalence:
One can define an SL(2, R)-Higgs bundle as a SL(2, C)-Higgs bundle which correspond to a SL(2, R)-representation:
The Lie subalgebra sl(2, R) ⊂ sl(2, C) is preserved by the map Φ → Φ. Consequently, SL(2, R)-Higgs bundles can be viewed as SL(2, C)-Higgs bundles with additional conditions:
• E has an orthogonal structure Q : E → E * , and
Note that the harmonic metric h will in turn satisfy h T Qh = Q. We have already encountered some SL(2, R)-Higgs bundles. First, all Higgs bundles in the Hitchin section are SL(2, R)-Higgs bundles. To see this, just take the orthogonal structure Q = 0 1 1 0
where the "1"s represent the identity maps K 1/2
Second, all U(1)-fixed points are SL(2, R)-Higgs bundles.
THE HYPERKÄHLER STRUCTURE OF THE HITCHIN MODULI SPACE
As a hyperkähler space, the Hitchin moduli space has a rich geometric structure. At least two ongoing lines of research motivate us to consider the hyperkähler geometry.
• There are many recent results about "branes" in Hitchin moduli space.
• There are recent results about the asymptotic geometry of the hyperkähler metric.
In this section, we give an introduction to hyperkähler geometry before specializing to the hyperkähler geometry of the Hitchin moduli space. An excellent additional reference is [Nei16] .
2.1. Introduction to hyperkähler geometry. A hyperkähler manifold is a manifold whose tangent space admits an action of I, J, K compatible with a single metric. To give a more precise definition of "hyperkähler," we first have to define "Kähler." Definition 2.1. Let (X, I) be a complex manifold of dim C X = n.
• A hermitian metric on (X, I) is a Riemannian metric g such that g(v, w) = g(Iv, Iw).
Let ∇ denote the Levi-Civita connection 5 on TX induced by g.
• A hermitian metric g on (X, I) is Kähler if ∇I = 0.
• If (X, g, I) is Kähler, the Kähler form ω ∈ Ω 1,1 (X) is defined by ω(v, w) = g(Iv, w).
Example 2.2. C is Kähler. The complex structure I is given by multiplication by i, the Riemannian metric is g = dx 2 + dy 2 = dzdz, and the Kähler form is ω = dx ∧ dy = The complex structures I, J, K fit together into a ζ ∈ CP 1 -family of complex structures
Consequently, given a hyperkähler manifold X, we have a ζ ∈ CP 1 -family of Kähler manifolds (X, g, I ζ , ω ζ ).
Example 2.4. The vector space of quaternions, H, is hyperkähler
2)
The three complex structure I, J, K are respectively given by multiplication by i, j, k. The hyperkähler metric is g = dx 2 0 + dx 2 1 + dx 2 2 + dx 2 3 . The symplectic forms ω I , ω J , ω K are induced, e.g.
Exercise 2.5. Compute the symplectic forms ω J , ω K ∈ Ω 2 (R 4 ) for quaternion space.
As further evidence of the relevance of the quaternions for hyperkähler manifolds, note that all hyperkähler manifolds are automatically of dimension dim R X = 4k; furthermore, g is hyperkähler if, and only if, its holonomy Hol ∇ is a subset of Sp(k), the group of k × k quaternionic unitary matrices.
2.2. Classification of noncompact hyperkähler manifolds X 4 . The hyperkähler metric on the Hitchin moduli space is expected to be of type "quasi-ALG" a generalization of "ALG." In this section, we explain the terminology "ALG" by taking a (somewhat lengthy) detour into the classic classification of noncompact 4-dimensional hyperkähler manifolds.
A noncompact complete connected hyperkähler manifold X of real dimension 4 is called a gravitational instanton 6 if there is some > 0 such that the curvature satisfies the bound |Rm|(x) ≤ r(x) −2− , (2.3) for x ∈ X where r(x) denotes the metric distance to a base point o in X [CC15] . Gravitational instantons can be divided into four categories:
O(r 1 ) ex) R × T 3 Here, this coarse classification is by the dimension of the asymptotic tangent cone. The asymptotic tangent cones are, respectively, • ALE C 2 /Γ where Γ is a finite subgroup of SU(2), • ALF R 3 or R 3 /Z 2 , • ALG C β , where C β is a cone of angle 2πβ for β ∈ (0, 1] • ALH R + . Within each broad category (ALE/ALF/ALG/ALH), we have a finer classification by geometric type. Chen-Chen proved that any connected complete gravitational instanton with curvature decay like (2.3) must be asymptotic to some standard model. This is the data of a geometric type [CC15] . For each geometric type, we have a moduli space of hyperkähler manifolds of that type. We will focus on the geometric classification for the cases ALE and ALG, since the ALE story is classical and the ALG story is most relevant for the Hitchin moduli space.
The geometric classification of ALE hyperkähler metrics has been completed. The data for the geometric type is a finite subgroup Γ of SU(2). Using this subgroup, define the singular space X
Every ALE hyperkähler 4-manifold is diffeomorphic to the minimal resolution of X • Γ for some Γ [Kro89b] . The moduli space M Γ of ALE instantons of type Γ is non-empty and is parameterized by the integrals of the Kähler forms ω I , ω J , ω K over the integer-valued second-homology lattice [Kro89a, Kro89b] . The asymptotic tangent cone of any X ∈ M Γ is C 2 /Γ.
For ALG gravitational instantons, the finer geometric classification is by the geometry at infinity. These standard models are torus bundles over the flat cone C β of cone angle 2πβ ∈ (0, 2π]. The list of torus bundles E → C β is quite restricted. Every ALG gravitational instanton X is asymptotic to the one of these standard models (E, g model ). Moreover, if β = 1, then X is the standard flat gravitational instanton C × T 2 τ .
To explain why Kodaira types of singular fibers appear in the first row of (2.5), note the following theorem: . The " * " indicates that the modulus of the torus fibers is changing; it is unbounded asymptotically, i.e. the torus fiber is becoming very long and thin.
2.3. The hyperkähler metric on the Hitchin moduli space. The Hitchin moduli space has a hyperkähler metric. To hint at the origins of the hyperkähler structure, we instead discuss the origin of the CP 1 -family of complex structures on the Hitchin moduli space.
The CP 1 -family of complex structures arises from the complex structure on the Riemann surface C and the complex structure on the group G C = GL(n, C); these respectively, give the I and J complex structures on M.
Each of these complex structures I ζ gives an avatar of the Hitchin moduli space as a complex manifold:
• M ζ=0 = (M, I ζ=0 ) is the Higgs bundle moduli space;
• M ζ∈C × is the moduli space of flat connections; • M ζ=∞ is the moduli space of anti-Higgs bundles.
Note that these can be genuinely different as complex manifolds.
where T 2 τ = C/(Z ⊕ τZ) is the complex torus with parameter τ. The hyperkähler metric on M 0 R 2
is g = dx 2 0 + dx 2 1 + dx 2 2 + dx 2 3 , which is indeed ALG.
In general, the hyperkähler metric on Hitchin moduli space moduli space is expected to be of type "quasi-ALG" which is some generalization 8 of ALG. In higher dimensions "ALG" has not be formally defined; however, by analogy with the 4-dimensional case described in §2.2, any higher-dimensional ALG hyperkähler manifold should be asymptotic to a flat torus bundle over a half-dimensional complex vector space. Moreover, the modulus of the torus lattice should stay bounded. (This condition on the modulus rules out higher-dimensional generalizations of Hein's ALG * example in Remark 2.10.)
For the Hitchin moduli space, the Hitchin fibration Hit : M → B should asymptotically give the torus fibration over a half-dimensional complex vector space. It certainly does in the ALG example of (2.7)! Because the singular locus typically intersects the ends of the Hitchin base B, we will typically not have a nondegenerate asymptotic torus fibration ψ : M → B. Consequently, in these cases, the Hitchin moduli space is instead expected to be "QALG," as described in Footnote 8, rather than ALG. As early evidence of this picture, note that asymptotically the family of torus fibers over a generic ray in B have constant size asymptotically. This follows as an unstated corollary to a much stronger statement relating the hyperkähler metric on M to the so-called "semiflat hyperkähler metric" on M discussed in §4.
Theorem 2.11 (Mazzeo-Swoboda-Weiss-Witt [MSWW17] for G = SU(2)). Asymptotically along a ray in B , the torus fibers have constant size. 8 The hyperkähler metric on the Hitchin moduli space is expected to be "quasi-ALG." This term "QALG"
has not been formally defined, but QALG is supposed to generalize ALG in an analogous way as QALE generalizes ALE and QAC generalizes AC. Dominic Joyce considered a higher-dimensional version of ALE, and subsequently defined QALE. In this context, a (Q)ALE metric is a Kähler metric on a manifold of real-dimension 2n with asymptotic volume growth like r 2n . Fix a finite subgroup Γ ⊂ U(n). If Γ acts freely on C n − {0}, then C n /Γ has an isolated 2.4. The hyperkähler metric. The Hitchin moduli space M can be viewed as triples [(∂ E , ϕ, h)] solving Hitchin's equations given a fixed complex vector bundle E → C. Alternatively, the Hitchin moduli space can be viewed as pairs [(∂ A , Φ)] solving Hitchin's equations given a fixed complex vector bundle E → C with fixed hermitian metric. Once we've fixed a hermitian metric, we only consider gauge transformations which fix the hermitian metric. This gives a reduction from complex gauge transformations G C = GL(E) to unitary gauge transformations G = U (E)-gauge transformations.
The hyperkähler metric on M is defined using the unitary formulation of Hitchin's equations in terms of pairs (∂ A , Φ). First, consider the configuration space C of all pairs (∂ A , Φ) solving Hitchin's equations-without taking gauge equivalence. The space of holomorphic structures on E is an affine space modeled on Ω 0,1 (C, End E). The space of all Higgs fields is the vector space Ω 1,0 (C, End E). Thus, the set of pairs (∂ A , Φ) solving Hitchin's equations sits inside an affine space modeled on
This product space has a natural L 2 -metric given by
where the hermitian inner products are taken only on the matrix-valued piece, so that Φ 1 ∧ ,Φ 2 is a (1, 1)-form. The factor 2i appears since dz ∧ dz = −2idx ∧ dy. The hy-
The minimizing representative is said to be in "Coulomb gauge." We will call this natural hyperkähler metric g M "Hitchin's hyperkähler L 2 -metric." • [A-side, i.e. symplectic] Fukaya category, or quotient singularity at 0. The appropriate class of Kähler metrics on the resolution X of C n /Γ [Joy99a] are ALE metrics. If however, Γ does not act freely, then the singularities of C n /Γ extend to the ends. The appropriate class of Kähler metrics on resolution X of non-isolated quotient singularities are called quasi-ALE or QALE [Joy99b] . For quasi-asymptotically conical (QAC) versus AC, see for example [CDR16] .
• [B-side, i.e. complex] derived category of coherent sheaves.
The approximate data of a a (A/B)-brane in a (symplectic/complex) manifold X is
• a submanifold Y ⊂ X, together with
• (E, ∇) → Y, a vector bundle with connection.
Further ignoring bundles, an A-brane in a symplectic manifold (X, ω) "is" a Lagrangian submanifold 9 of X. A B-brane in a complex manifold (X, I) "is" a holomorphic submanifold.
If X is hyperkähler, then X has a triple of Kähler structures (X, g, I, ω I , J, ω J , K, ω K ). In §1.4, we introduced the Hitchin fibration. Now, we
(1) give a geometric interpretation of the Hitchin fibration, and (2) give a construction of the harmonic metric for a Higgs bundle near the ends of the moduli space.
3.1. Spectral data. The Hitchin fibration, introduced in (1.9), is a map
where the characteristic polynomial char ϕ λ encodes the eigenvalues λ 1 , · · · , λ n of ϕ. There • [algebraic interpretation] The coefficients of
Consequently, the Hitchin base B can be identified with the complex vector space of coefficients of char ϕ (λ). For example,
. . , q n ), and (3.3)
since for SL(n, C), q 1 = −tr ϕ = 0.
•
Then Σ is "spectral cover". The spectral cover π : Σ → C, shown in Figure 3 .2, FIGURE 3.2. Each of the (generically) n sheets of Σ represents an eigenvalue of ϕ. The ramification locus Z is shown in orange.
is a ramified n : 1 cover of C. The ramification locus Z is the zero locus of the discriminant section
The regular locus M , discussed in §1.4, consists of Higgs bundles lying over smooth spectral covers Σ. Hint: In the case of unramified N : 1 covers π : S → S, the Riemann-Hurwitz formula says that χ(S ) = Nχ(S) where χ(S) = 2(g S − 1) is the Euler characteristic. In the case of ramified covers, this is corrected to
whereZ ⊂ S is the set of points of S where π locally looks like π(z) = z e P . The number e P is called the "ramification index."
Fact 3.2. For SL(2, C), Hit : (∂ E , ϕ, h) → det ϕ = q 2 , so the ramification locus Z is the set of zeros of det ϕ. Call p ∈ Z a simple zero if q 2 ∼ zdz 2 , and call p a k th order zero if q 2 ∼ z k dz 2 . For M SL(2,C) , q 2 has only simple zeros ⇔ Σ is smooth ⇔ the spectral cover Σ lies in the regular locus B = B − B sing ⇔ Hit −1 (Σ) is a compact abelian variety.
Having given a geometric interpretation of the Hitchin base B, we now give a geometric interpretation of the torus fibers of Hit : M → B . (We restrict to the regular locus M → B since the torus fibers degenerate over the singular locus B sing .) As shown in FIGURE 3.3. Each sheet of the spectral cover Σ → C over a point x ∈ C corresponds to an eigenvalue of ϕ(x). The fiber of the spectral line bundle L is the associated eigenspace of ϕ(x). Note that E π * L. The torus fiber Hit −1 (Σ) is some space of line bundles over the spectral cover Σ. For GL(n, C), this fiber is the Jacobian, Jac(Σ). For SL(n, C), this fiber is the Prym variety Prym(Σ, C). Here, we have a subvariety of the Jacobian because of the trivialization of determinant as Det(π * L) Det E O.
3.2. Limits in the Hitchin moduli space. In [GMN10, GMN09], Gaiotto-Moore-Neitzke give a conjectural description of the hyperkähler metric g M . Gaiotto-Moore-Neitzke's conjecture suggests that-surprisingly-much of the asymptotic geometry of M can be derived from the abelian data L → Σ. (We give a survey of this conjecture and recent progress in §4.) In this section, we describe how solutions of Hitchin's equations at the ends of the moduli space come naturally from the abelian data L → Σ. This is an early hint of the importance of the abelian data for the asymptotic geometry of the Hitchin moduli space. As shown in Figure 3 .4, consider the ray (∂ E , tϕ, h t ) of solutions of Hitchin's equations in M. As t → ∞, the curvature F D(∂ E ,h t ) (1) concentrates at the ramification locus Z and (2) FIGURE 3.4. A ray (∂ E , tϕ, h t ) going off to the t = ∞ ends of M.
vanishes everywhere else (exponentially in t) [MSWW16, Moc15, Freb] . Consequently, the limiting hermitian metric h ∞ is singular at Z and solves the decoupled Hitchin's equations
In fact, the limiting metric h ∞ is a actually a pushforward of a singular hermitian metric h L on the spectral line bundle L → Σ. Consequently, we say that "Hitchin's equations abelianize at the ends." To construct h ∞ , we start with a Higgs bundle (E , ϕ) ∈ M . As shown in (3.8), there are 4 steps.
(1) Let L → Σ be the associated spectral data, consisting of the line bundle L and spectral cover Σ. 
SOME RECENT RESULTS ABOUT THE ASYMPTOTIC GEOMETRY OF M
In [GMN09, GMN10], Gaiotto-Moore-Neitzke conjecture that Hitchin's hyperkähler metric solves an integral relation 11 . As a consequence of their conjecture, Hitchin's hyperkähler metric g M admits an asymptotic expansion in terms of a simpler hyperkähler metric g sf , known as the "semiflat metric." The semiflat metric g sf is smooth on M and exists because M is a complex integrable system[Fre99, Theorem 3.8]. Thus it is deeply related to the spectral data.
Conjecture 4.1 (Weak form of Gaiotto-Moore-Neitzke's conjecture for M U(2) ). [DN18, Eq 1.1] Fix a Higgs bundle (∂ E , ϕ) in M and let q 2 = det ϕ. Hitchin's hyperkähler L 2 -metric on 10 In the case G C = SL(2, C), these weights are − 1 2 . For higher rank, see [Freb] . 11 The integral equation appears in [Nei13, Eq 4.8] which is a survey of [GMN09] where M is the length of the shortest geodesic on the associated spectral cover Σ, measured in the singular flat metric π * |q 2 |.
FIGURE 4.1. The shortest geodesic is the lift of the indicated saddle connection between the zeros "×" of q 2 .
We briefly review the recent progress towards proving this conjecture for the U(2)-Hitchin moduli space, in chronological order. Mazzeo-Swoboda-Weiss-Witt [MSWW17] have shown that along a generic ray g M − g sf decays polynomially in t. Dumas-Neitzke [DN18] have shown that-restricted to the Hitchin section-g M − g sf decays exponentially in t like O(e −2Mt ). The author has shown that along a ray in M U(2) g M − gsf decays exponentially in t [Frea] . However, the constant of exponential decay is not sharp.
We now remark on a few ideas behind the proofs. Fix a Higgs bundle (E , ϕ) in M , and a Higgs bundle variationψ = (Ė,φ). Consider the deformatioṅ ψ t = (Ė, tφ) ∈ T (E ,tϕ) M over the ray (E , tϕ, h t ). As t → ∞, the difference between Hitchin's hyperkähler L 2 -metric g M on M and the semiflat (hyperkähler) metric g sf satisfies g M (ψ t ,ψ t ) = g sf (ψ t ,ψ t ) + O(e −4Mt ). 
